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BESSEL SERIES EXPANSIONS OF THE
EPSTEIN ZETA FUNCTION AND THE
FUNCTIONAL EQUATION

BY

AUDREY A. TERRAS

ABSTRACT. For the Epstein zeta function of an n-ary positive definite qua-
dratic form, n — 1 generalizations of the Selberg-Chowla formula (for the binary
case) are obtained. Further, it is shown that these n — 1 formulas suffice to
prove the functional equation of the Epstein zeta function by mathematical induc-
tion. Finally some generalizations of Kronecker’s first limit formula are obtained.

1. Introduction. Let S be the n x n matrix of a positive definite (real) quad-
ratic form and let p be a complex variable with Re p > %n. Then Epstein’s zeta
function is defined by

1
1.1 z,(S:p) == 2"1 (‘asa)~?,
aeZ -0

where the sum is over all column vectors with integral coordinates, not all of
which are zero. In the following, for any matrix A, the transpose of A will be

denoted ‘A. Epstein [6] proved the analytic continuation, functional equation,
and Kronecker limit formula for (1.1). The latter is the computation of the con-

stant term in the Laurent expansion of the function about p = %n. Applications
of the Kronecker limit formula to algebraic number theory are given by Hecke [7,
p. 198 £f] and Siegel [13, pp. 93 and 117].

We shall reprove Epstein’s result and, in fact, show that there are n — 1
different ways of obtaining limit formulas. Our point of departure is a formula to
be found in papers of Selberg-Chowla [11, formulas (5) and (6), p. 87] and Bate-
man-Grosswald [3, Theorem 1, p. 366):

ZZ(S, p)= S'ZPC(ZP) + tl/’"ps;‘/’ﬂ%F(p - %)F(p)-IC(Zp -1)

(1.2) + 277%F(p)’lt%'ps;% Z£ (ﬂt%s;%albl)p°y’al'2pcos (2mqba)
axl; b#0

x Ky, _ (2mt"s3 % alb)),
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where

Sy Sy, 1 ¢ tO(lO
0 1 0 s,

(1.3) 12 52 \q 1

2 -1
for t=s,-q9°s, =5, (SIS

2 —
5 512)>0andq—slz/s2°

, -

This is the diagonalization of Siegel [12, p. 24]. Also {(x) is Riemann’s zeta

function, and Kv(z) is the modified Bessel function of the second kind defined by
a 1 00 val 1

(1.4) K (2) = = J, expi-z(u + 1/u)/2}u" " du, for |arg z| < Yim.

Formula (1.2) gives the analytic continuation of Z, and the functional equation as

is proved in Bateman-Grosswald [3, p. 366, remarks after statement of Theorem 1].

Moreover (1.2) gives a good approximation of Z2 in the critical strip [3, Theorems

2, 3, pp- 366—367]. And it can be shown by the same method that we use in $3 of

this paper that (1.2) implies the Kronecker limit formula (Siegel [12, pp. 5-17]):

lim {Z,(S, p) ~ %mlS| ™o - D7
(1.5) p—1 , 1
= 7|S|” "y - log 2 - log (t/2|1](z)|2)§'.

Here |S| = determinant of S, y = Euler’s constant, and 7(z) is the Dedekind 7-
function defined by

(1.6) n(z) = explinz/12} ] (1 - expl2nizb}), Imz>O0.
b=1

Also, t and g being defined as in (1.3), we set
(1.7) z=q+ itl/’sz'% =.<>~;1(:>‘12 + i|S|%),

which is a well-defined element of the upper half plane, since § is a positive
definite symmetric matrix. Thus z is the usual element of the upper half plane
associated to the positive quadratic form S (Siegel [13, p. 6] or Leveque [9, p. 16]).
In §2, we shall generalize (1.2) to Z, in n -1 different ways. The only
results needed for this are the Poisson summation formula for (R”, Z") and an
integral formula relating the Fourier transform of a radial function in R” to the
Hankel transform (Stein-Weiss [14, Theorem 3.3, p. 155]). One of the n — 1 formu-
las was obtained by Berndt [4, formula (5.2)] by other methods. And Epstein him-
self has such a formula [6, formula (10), p. 641]. However the single formulas of
Epstein and Berndt do not seem to suffice to prove the functional equation. We
shall prove that any correctly chosen pair of the n — 1 formulas does imply the

functional equation.
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In §3, generalizations of the Kronecker limit formula (1.5) are considered. Of
the » — 1 formulas which we have generalizing (1.2) it seems that only the formula
of Epstein himself produces an (7 — 1)-fold product generalizing 7(z) because of
the simple form of K%(z) = (7/22)%e™%. Since generalizations of the Kronecker

ce

limit formula should contain ‘‘automorphic forms’’ generalizing the Dedekind 7-
function, one is lead to consider the more general definition of automorphic forms
given by Borel [S, p. 200]. One sees that the Epstein zeta function and its general-
izations [15] are themselves automorphic forms in this sense. In fact they are
what Borel calls “‘Eisenstein series’’ [5, Example 2, p. 209]. Thus one would
expect the coefficients in the Laurent expansion of Zn(S, p) about p = %n to
have similar behavior to Z"(S, p). That is, the coefficients, considered as func-
tions on the space P of positive definite symmetric matrices, are invariant with
respect to the transformations of P givenby S - S[ul, for S in Pn and U an
integral matrix of determinant + 1. Further, when invariant differential operators
on P [15, pp. 176—177] are applied to the coefficients individually a finite dimen-
sional vector space should be generated. This last property of the coefficients is
condition (2) in Borel’s definition of automorphic form essentially [5, p. 200]. How-
ever this is not the place to discuss the matter in detail.

Also the question of extending the results even to the zeta functions of one
complex variable considered in [15] remains open. The simplest cases seem to be

complicated and must require results on Bessel functions of matrix argument of

Herz [8].

2. Expressions for Z_ in a series of Bessel functions. First some notation
must be set up. Let n=n, +n,, with 1 < n,<mn— 1. And decompose § in block

matrix form, as Siegel does [12, pp. 24-25]:
(n,) (ny)

1 t

2.1 s _ S1 522) =I o\ [T 0() I 0
t L] "2

S12 S, 0 I 0 S, o 1

where I denotes the identity matrix and 0 denotes the zero matrix. We shall some-
times write Tg (or T) in place of T and Qg in place of Q. Here we use the
notation S for an n x n matrix and drop the (n) if no confusion is likely. We
shall also write S[A] = 'ASA, and |S| = determinant of S. Define

-~} Yin, ~%p Yo=Y
Hy o (S50) = 15,17 > (TlaD™"2 (s o)™ "2
n n
a€Z '=0;beZ 20

(2.2) x expi2nmi'bQalk,, _ (2n(Tlals; [6])*),
2
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where the sum runs over integral column vectors a and b not all of whose entries

are zero.
Theorem 1. Hnl
Re p > Y%n,
ﬂ-pP(P)Zn(S’ p)

ny IS an entire function of the complex variable p, and, for

Yin_ — L
(2.3) = ﬂ_pl"(p)an(Sz, p)+m 2 pI‘(p - sz)lSzl"/’Zn (T, p - Vin,)
1

+H '"2(5’ P

n
1
Here ZI(S, p) = s~PL(2p), where { is Riemann’s zeta function.

Proof. A column vector in Z” may be considered as composed of 2 parts (Z)
with @ in Z"! and b in Z"%. Then, using (2.1), SI(})] = Tla] + $,[Qa + &]. It
follows that

Zs. =t T SF-2 T 5 %
(DAQ) a=0; b40 ak0; all bin 22
-2, 6ppvy X (Tlales,0as e

aeZ 1—0;‘ all beZ 2
Now apply Poisson summation with respect to the sum over b. Then the second
term in the expression of Z  is

1 -
3 Z f . (Tlal + Sz[Qa + x]) ’oexp{-Zm' Lbx}dx,
2
aez 10, pez 2 R

where x is a column vector in R”? and the integral is the Lebesgue integral in
R"2. Now% make the change of variables y = ('I{a])-%W(Qa + x), where S, = tww.

Then the integral over R™? is seen to be
Yin_ -p o
(Tla]) 2 |Sz|'% exp{2ni tan}In Qa(Tla) % (s w™), p)s
2

where we define

I (b, p) = j (1 + txx)Pexpi-i'bx}dx, Rep>Vmn.
Rn

Now I(0, p) is evaluated easily by induction. For set
tt=1 +x§ oo +x’21_l and x_=ty.

Then changing variables to (xl, AR S y), we see that

100, p)= [(ay))™® 1 =2Pay oovdx_ dy=10,0) _(0,p-%n
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And it is easy to see that I,(0, p) = I'(p - JAT'(}3)/T'(p), so that induction finishes
the proof of the formula:

(2.4) 10, p)= 7"p - Yin)/T(p).

If b#0, ln(b, p) is evaluated using the fact proved in Stein and Weiss {14, Theorem
3.3, p. 155] that the Fourier transform of a rotation invariant or radial function in
R” can be reduced to a Hankel or Bessel transform in one-dimensional space. The

result is

LG, o) = [Z )P ny,  (ela)((bln) -7 du,
for b# 0. Here | denotes the Bessel function of the first kind:
], = ()™ Ty + Y™ fon expi-ix cos t} sin’Ytdt, Rev>-Y.

Then using a formula from Abramowitz-Stegun [1, formula, (11.4.44), p- 488] one

obtains

(2.5) 1.(b, p) = 227"0(p) 14 6] ~ %7K (tal),

Yin=-p

for b# 0 where ||b] = (‘5. b)%. Here K is the modified Bessel function of the
second kind defined in (1.4).

The proof is now complete except to note that H n1.m2 is entire in this case
for the same reason as in the paper of Bateman-Grosswald [3, Lemma 2]. So the
analytic continuation of Z  is a consequence of formula (2.3).

The remainder of this section is devoted to a proof that the » — 1 formulas
for Z  given in (2.3) imply the functional equation of Z . The method is simply

induction on n and some matrix identities.

Theorem 2. Define R (S, p) = 7P T(p)Z (S, p). Then the Epstein zeta func-

tion has the following functional equation:
-1 -1
Rn(Sy P)= |S| ARn(S ,%n—P)t

Proof (Induction on 7). The functional equation for the case n =1 is that of
Riemann’s zeta function, which is well known. We now proceed by mathematical
induction and assume the functional equation for all Z , where 1 <k<n-1.

Then (2.3) may be written:
7=PT(p)Z, (S, p) = 7~ T(p)Z (5,, p)

418, |Ham P =40p(, YNz, _(T,p-Yn+H,_ (S, p)

Ve may use the functional equation of Z to rewrite the middle term of the right-
hand side to obtain
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7 PT)Z (S, p) = 7" T(p)Z (S, p) -

2.6) w181 AT )z (T8, Yyn = p) 4 H_, (S, p)e

r n-f'f
Here we have used the fact that |S| = [S,|-|T|, an easy consequence (2.1) when
111=rand n,=n-r.

Now weé know that Zn(S[U], p) = Zn(S, p) for any unimodular matrix U, that is,
any matrix U with integral entries and determinant + 1 or — 1. And we shall show
at the end of this proof that for the particular unimodular matrix

o (-0
U=
19 0

the following matrix identities hold:

(2.7) (s~Huh, = (17,
(2.8 “l_s.,
Ty =%
2.9) t -
it = 7O

Therefore, replacing S by S™![U] and p by %n — p in (2.6), we see that
|s|=¥%n= 2P )P0 - p)Z (57!, Yon - p)
= |S|”%ﬂ'(%"'p)l—‘(l/zn - p)Zn(S"l[U], Yin - p)
= |S|7 7= B =P D - p)Z (STHUD),» Y - p)

+a T )z _ (T

(T g )P+ 5, 70 Y-

= |S|=#a= in=PIP(lpn - p)Z’((TS)'l, Yn - p)
+ 7Tz _ (S, p) + Hr’n_r(S, p)

Here we have used formulas (2.7)—(2.9) as well as the definition (2.2) of Hn_r ”
plus the fact that for the modified Bessel function of the second kind K, = K_ .

Therefore by (2.6) with r replaced by n — r, we see that
|5|= 2= =PI n — p)Z (57, Yym = p) = 2P TRIZ (S, p).

This is of course the functional equation, and we now see that only two of the
formulas (2.3) are required to prove it. However, one does not seem to suffice.
It only remains to prove the identities (2.7)—(2.9). We should note a certain
abuse of notation occurring here. For S, and T both depend upon r as well as
S. However the formulas would be awkward if we did not omit this dependence.
The proofs of formulas (2.7—2.8) are straightforward matrix computations using

(2.1) and the following property of the matrix U:
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c(n=r1)
Sl R 5 A) tg

1 2
(2.10) if $= , then S[U]= 121

t (r)
SIZ S2 / SIZ Sl

Now (2.1) implies

sl (Tg)™ 0 P\ [T - %\
0 )Y\ 1 * *

* *

So

s=Hul = .
ry)!

Then (2.7) is clear. And (2.8) follows from (2.7) upon replacing S by (S~ hiew.

Note that
0 I(Y)
ty = =u-l.

1= 0

For (2.9) compute S™![U] in two ways. The above gives

* *
s-ul = .
(Tg)tig, *

Multiply out (2.1) to obtain

* *
sul = .

-1
(s [U])ZQS"I[u] *

This completes the proof.

3. Generalizations of Kronecker’s limit formula. The » — 1 formulas (2.3)
yield n — 1 generalizations of the Kronecker limit formula, of which one is the
formula obtained by Epstein [6, p. 644].

Definition. kn(S) =lim, , on(S, p) — Yr" 1T (Yn)~ 1ISl'%(p - Yn)~ 14,

Note that this is just the constant term in the Laurent expansion of the
Epstein zeta function about the pole p = %n. This is a consequence of the fact

that the residue of the Epstein zeta function at p = ¥%n is

AN GG NV
Epstein [6, pp. 623—627] has shown the above formula for the residue by a method

generalizing Riemann’s. The formula may also be proved from (2.3) and the fact
that the residue_of the Riemann zeta function £(s) at s =1 is 1. This generalizes
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an argument of Bateman-Grosswald for the case of binary quadratic forms [3,
remarks after Theorem 1, p. 366].
Theorem 4.
85 = Z, (S, Yom) + Tm 04k, (1" D)5, | % 2
8) =2, (8p %in) + T0hn PUAn) ™k, T |$,1™ "7

n

+H 1-"2(S’ Yt T (n) ™t + 18|~ 4T () My Gn ) - p(n)l,

where Y(z) = IM()(z)"! and
H 1.”2(5, Yin)

n

_ s, |¥ 5 exp{2ni bQa} (5316 " 1(rlal)

2

fll n
aeZ "-0; beZ “-0

x Ky, @a(Tlals3 6D

Proof. This Is an easy computation using the formula (2.3). One need only

note that if we set
F(P - l/zﬂz)F(P)-l =a, + al(p —1/271) Foeee,

then

a,= F%n %)™ and a, = TG TG Y %n,) - g4l

And let the Laurent expansion of an(T, p - l/2712) about p = %n be
ZnI(T, p-Yiny)=b_,(p- Yn) ™ by +ennn

Then by the definition and remarks above,
%
bo=k, (T) and b_, = %|T|™ % 'T(%n)".
1

Clearly the constant term in the Laurent expansion of the middle term of the right-
hand side of (2.3) about p = /in is |Sz|"‘/’ﬂ%”2(a0b0 +ayb_,). Thus the constant

term in the Laurent expansion of the entire right-hand side of (2.3) about p = %n is
_y Yin b -1
k(S) = an(Sz, %n) + |S,] Yy Ha b, + ab_))+ Hnlm2(5, Y )" (%n)

Substituting the values of @, @}, b_,, b, into the above equation, we obtain
Theorem 4. We have included the formula for Hnl nz(S, %n) in the statement of
the theorem for reference. It is an immediate result of the definition (2.2) and the

that K, = K_,.

Corollary (Epstein [6, p. 644)). Let n =1 and TV = Tg=t in (2.1). And
define )
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24b} = b0 + i14(s5 (b))%,
Yin-1

y-log2-% 3 r~Y, for n even,
r=1

Yi(n~3) 1
y - Z @2r+1)"", for n odd.

r=0

Then

kS)=2Z_ _\(S,, %n)

n-=1

+ n%"lSZI' AP (Y%n) "t

oo )

By “'b(mod + 1)’’, we mean that b runs over a complete set of representatives
for the equivalence relation b~ b' when b=+ 1)b'. And ‘|| | in the infinite

II (1 - expl27izib}})

beZ™ 12 0; b(mod t1)

product denotes the usual absolute value of a complex number.

Proof. Take n; =1 in the preceding theorem.
First recall that in the one-dimensional case Zl(t, p) = t~P{(2p), where ¢
is Riemann’s zeta function. The formula k,(z) = ¢~ “(y - log t*) is a consequence

of the following expansions about p = %:

t-p=t°%-(log Do =W +eeey, CQ)=Qp-DViy4.nn,

where y is Euler’s constant.
Second, use Abramowitz-Stegun [1, formulas (6.3.2) and (6.3.4), p. 258] to

see that

Yin=-1
-2log2- Y r1,  for n even,
r=1
Y4 - y(Yn) =
% (n=3) I
-2 2 (2r+ 1), for n odd.
r=1

Third, since K%(z) = (m/22)%e"%, it follows that

Hy ,1(S, %n) = Y|8|7% 3 lall = exp{2mi*bQa + i%(s5 (6] %]}
aeZ-0; beZ”-l-O

= |s|% > (a~! exp{2nizibla} + a~! exp{2miz{bla}).
a21; beZ" 1-0; b(mod £1) :
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Here >’ denotes the complex conjugate. Now apply the expansion
log(l — w) =- E:—.'l n~lw™ for llwll <1, to obtain the desired resule:

2
Hl,n-l(S’ Yin) = lSl-% log .

11 (1 - expi2miz{p}})

bez™1-0; blmod £1)

The proof of the corollary is complete when we substitute the expressions for
k1), y(5) — y(%n), Hy .- l(S, Y4n) into the formula of Theorem 4.

Note that the corollary gives a function which generalizes the Dedekind 7-
function (1.6) in a more obvious way than the result of Theorem 4. However the
analogous function in Theorem 4 must also generalize the 7-function in some way
which may be fruitful recalling the results of Asai [2] and Koecher [10] as well as
the general definition of automorphic forms given by Borel [5, p. 200]. But much

work remains to be done in this direction.
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